We present a study of the dynamical spin susceptibility in the pseudogap region of the high-T c cuprate superconductors. We analyze and compare the formation of the so-called resonance peak, in three different ordered states: The d x 2 −y 2-wave superconducting ͑DSC͒ phase, the d-density wave ͑DDW͒ state, and a phase with coexisting DDW and DSC order. An analysis of the resonance's frequency and momentum dependence in all three states reveals significant differences between them. In particular, in the DDW state, we find that a nearly dispersionless resonance excitation exists only in a narrow region around Q = ͑ , ͒. At the same time, in the coexisting DDW and DSC state, the dispersion of the resonance peak near Q is significantly changed from that in the pure DSC state. Away from ͑ , ͒, however, we find that the form and dispersion of the resonance excitation in the coexisting DDW and DSC state and pure DSC state are quite similar. Our results demonstrate that a detailed experimental measurement of the resonance's dispersion allows one to distinguish between the underlying phases-a DDW state, a DSC state, or a coexisting DDW and DSC state-in which the resonance peak emerges.
I. INTRODUCTION
One of the most controversial topics in the field of hightemperature superconductivity is the origin of the so-called "pseudogap" phenomenon observed by various experimental techniques in the underdoped cuprates ͑for a review see Ref.
1 and references therein͒. A large number of theoretical scenarios have been proposed to explain the origin of the pseudogap. 2, 3 Among these is the d-density wave ͑DDW͒ scenario 3 which was suggested to explain some of the salient features of the underdoped cuprates such as the d x 2 −y 2-wave symmetry of the pseudogap above T c , the anomalous behavior of the superfluid density 4 and of the Hall number, 5 as well as the presence of weak ͑orbital͒ antiferromagnetism. 6 The DDW-phase is characterized by circulating bond currents which alternate in space, break time-reversal symmetry and result in an orbital ͑antiferromagnetically ordered͒ magnetic moment.
In this article, we investigate the momentum and frequency dependence of the dynamical spin susceptibility, ͑q , ͒, in the underdoped region of the cuprate superconductors. In particular, we compare the formation of a resonant spin excitation ͑the "resonance peak"͒ in three different ordered states: The DDW phase, the d x 2 −y 2-wave superconducting ͑DSC͒ phase, and a phase with coexisting DDW and DSC order. The observation of the resonance peak in inelastic neutron scattering ͑INS͒ experiments [7] [8] [9] [10] [11] [12] [13] [14] [15] is one of the key experimental facts in the phenomenology of the high-T c cuprates. In the optimally and overdoped cuprates, the resonance peak appears below T c in the dynamical spin susceptibility at the antiferromagnetic wave vector Q = ͑ , ͒. In the optimally doped cuprates, the resonance's frequency is res Ϸ 41 meV, 7, 11 a frequency which decreases with increasing underdoping. 12, 13 A number of theoretical scenarios have been suggested for the appearance of the resonance peak in a superconducting state with d x 2 −y 2-wave symmetry. [21] [22] [23] In one of them, the so-called "spin exciton" scenario, 21 ,22 the resonance peak is attributed to the formation of a particle-hole bound state below the spin gap ͑a spin exciton͒, which is made possible by the specific momentum dependence of the d x 2 −y 2-wave gap. Within this scenario, the structure of spin excitations in the superconducting state as a function of momentum and frequency can be directly related to the topology of the Fermi surface and the phase of the superconducting order parameter. This scenario agrees well with the experimental data in the superconducting state of the optimally and overdoped cuprates. In the underdoped cuprates the situation is more complex. While a resonance peak has also been observed in the superconducting state, a series of experimental studies have reported [12] [13] [14] [15] [16] that a precursor of this peak exists already above T c . Specifically, a peak in the dynamical spin susceptibility at Q = ͑ , ͒ emerges below the pseudogap temperature T * , and increases in intensity with decreasing temperature. [12] [13] [14] [15] [16] While the peak above T c is often referred to as the resonance peak in the pseudo-gap region, its true nature is still the topic of an ongoing controversy.
In this article, we address the question whether in the underdoped cuprates, the "resonance peak" above T c emerges from the presence of a DDW state, as first suggested by Tewari et al., 4 while below T c it arises from the coexistence of a DSC and DDW phase. To answer this question, we develop a spin exciton scenario for the pure DDW-phase as well as the coexisting DSC and DDW phases. By studying the detailed momentum and frequency dependence of the resonance peak in both phases, and by comparing it with that in the pure DSC state, we identify several characteristic features of the resonance peak that allow one to distinguish between the underlying phases, in which the resonance peak emerges. A detailed understanding of the spin excitation spectrum in the DDW state is of particular importance in light of the ongoing debate [17] [18] [19] [20] on the nature of the pseudogap region and the form of the spin excitations in the underdoped cuprates.
The remainder of the paper is organized as follows: In Secs. II and III we discuss the form of the resonance peak in the pure DDW phase and the coexisting DDW and DSC phase, respectively, and compare it with that in the pure DSC state. In Sec. IV we summarize our results and conclusions.
II. PURE DDW STATE
Starting point for our calculations in the pure DDW-state is the effective mean field Hamiltonian
where Q = ͑ , ͒ is the ordering wavevector of the DDW state,
is the normal state tight-binding energy dispersion with t , tЈ being the hopping elements between nearest and next-nearest neighbors, respectively, and is the chemical potential.
In the following we use t = 250 meV, tЈ / t = −0.4 and = −1.083t. The Fermi surface ͑FS͒ obtained from Eq. ͑2͒ describes well the FS measured by photoemission experiments on Bi 2 Sr 2 CaCu 2 O 8+␦ . 24 In order to directly compare the dynamical spin susceptibility in the DDW state with that in the DSC state, we take the DDW order parameter, W 0 = 42 meV, to be equal to that in the DSC state. 22 We note here, that the above Hamiltonian can be obtained from a microscopic Hamiltonian with short-range repulsion or superexchange interactions. 25, 26 After diagonalizing the Hamiltonian, Eq. ͑1͒, one finds that the excitation spectrum possesses two bands with energy dispersion
where k ± = ͑ k ± k+Q ͒ / 2. In Fig. 1͑a͒ we present the resulting Fermi surface in the DDW phase. Due to the doubling of the unit cell in the DDW state, the Fermi surface consists of hole pockets centered around ͑± /2, ± /2͒ and electron pockets around ͑± ,0͒ and ͑0, ±͒. This type of Fermi surface has not yet been observed experimentally in the underdoped cuprates, possibly, as has recently been argued, due to additional interactions between quasiparticles. 27 For the above band parameters, the chemical potential lies within both branches of the excitation spectrum thus preventing the formation of a gap at the Fermi level. This is clearly visible from Fig. 1͑b͒ where we plot the density of states ͑DOS͒ for various values of the DDW gap. In particular, one finds that for ͉tЈ ͉ Ͼ W 0 / 4 a suppression of ͑i.e., dip in͒ the DOS is formed away from the Fermi level which increases with increasing W 0 . In contrast, for ͉tЈ ͉ Ͻ W 0 / 4, this suppression, which we identify with the pseudogap, opens at the Fermi level as was noted previously. 28 Note that for tЈ = 0, the DOS vanishes at the Fermi level, and the DOS resembles that of a d x 2 −y 2-wave superconductor.
In order to compute the dynamical spin susceptibility in the DDW state, we first introduce the spinor
where is the spin index, and the electronic Green's function in the DDW state is defined as Ĝ ͑k , − Ј͒ =−͗T⌿ k, ͑͒⌿ k, † ͑Ј͒͘. The bare ͑noninteracting͒ part of the dynamical spin susceptibility per spin degree of freedom is then given by
ЈTr͓Ĝ ͑k,i n ͒Ĝ ͑k + q,i n − i⍀ m ͔͒,
͑5͒
where Ĝ ͑k , i n ͒ = Ĝ ͑k , i n ͒ 0 is the Green's function matrix in momentum and Matsubara space, 29 and the primed sum runs over the reduced fermionic Brillouin zone of the DDW state. Note that with the above definition, one has 
where f͑⑀͒ is the Fermi function. We first analyze the behavior of the imaginary part of 0 at Q = ͑ , ͒, and present in Fig. 2 Im 0 ͑Q , ͒ as a function of frequency in the normal state, the DSC state, and the DDW state 30 ͑for the form of 0 in the DSC state, see Ref. 22͒. The behavior of Im 0 ͑Q , ͒ in the normal and DSC state have been extensively discussed in the literature ͑see, for example, Refs. 21-23͒. In the normal state Im 0 increases linearly at low frequencies with a slope determined by the Landau damping rate, while at higher energies its behavior is determined by the presence of the van Hove singularity. In contrast, in the superconducting state the susceptibility is gapped up to an energy ⍀ cr DSC = min k ͉͑⌬ k ͉ + ͉⌬ k+Q ͉͒ where ⌬ k is the superconducting gap and both k and k + Q lie on the Fermi surface. Due to the symmetry of the superconducting gap, one finds ⌬ k =−⌬ k+Q , resulting in a discontinuous jump of Im 0 at ⍀ cr DSC . 21, 22 In order to discuss the behavior of Im 0 in the DDWstate, we first note that the expression for 0 in Eq. ͑6͒ contains two terms that describe intraband scattering within the E k ± -bands, and two terms that represent interband scattering between the two bands. Since E k+Q ± = E k ± the intraband scattering terms do not contribute to Im 0 at Q. Moreover, since E k − ഛ E k + the first interband scattering term yields a nonzero contribution to Im 0 only for negative frequencies. Thus, only the second interband scattering term in Eq. ͑6͒ contributes to Im 0 at Q. Since the Fermi surfaces of the two energy bands, E k ± , cannot be connected by the wave vector Q, as is evident from Fig. 1͑a͒ Fig. 2 . Note that the number of momenta which are involved in scattering processes and thus contribute to Im 0 rapidly increases for Ͼ⍀ cr DDW due to a steeply increasing density of states of the function
, which gives rise to the peak in Im 0 at p Ϸ 73 meV.
For momenta q Q, the behavior of Im 0 in the DDW state is more complex, since in addition to interband scattering, intraband scattering is now possible. In Fig. 3 , we plot the frequency dependence of Im 0 for several momenta in the DDW state ͑for comparison, Im 0 in the DSC state is shown in the inset͒. We find that as one moves away from Q = ͑ , ͒, several square-root-like increases in Im 0 appear, with the one lowest in energy rapidly decreasing in frequency. In order to better understand the combined frequency and momentum dependence of Im 0 in the DDW state, we present in Fig. 4 the contributions to Im 0 at Q i = 0.98Q from interband scattering ͓Fig. 4͑a͔͒ and intraband scattering within the E k + -band ͓Fig. 4͑b͔͒ and E k − -band ͓Fig. 4͑c͔͒ separately. Note that while the contribution from intraband scattering is approximately two orders of magnitude smaller than that from interband scattering, the former continuously increases from zero energy, such that Im 0 does not any longer exhibit a gap. This result is valid for all momenta q Q in the vicinity of Q. In contrast, the interband scattering term possesses three critical frequencies, ⍀ cr ͑i͒ ͑i =1,2,3͒, which arise from the opening of three nondegenerate scattering channels that are described by the scattering momenta shown in Fig. 1͑a͒ . These three critical energies are indicated by arrows in Fig. 4͑a͒ . For all three scattering channels, the coherence factor is approximately 2. Note that the first and third scattering channel, which open at ⍀ cr ͑1͒ Ϸ 43 meV and ⍀ cr ͑3͒ Ϸ 88 meV and are described by arrows ͑1͒ and ͑3͒ in Fig. 1͑a͒ , respectively, connect momenta k and kЈ with k − kЈ = Q i − ͑2 ,0͒ and k − kЈ = Q i − ͑0,2͒thus represent umklapp scattering. In contrast, channel ͑2͒ which opens at ⍀ cr ͑2͒ Ϸ 76 meV ͓see arrow ͑2͒ in Fig. 1͑a͔͒ describes direct scattering with k − kЈ = Q i . The opening of each of these three scattering channels is accompanied by a square-root like increase of Im 0 . Note that the lowest threshold frequency for interband transitions vanishes at Q i = 0.94Q, since this wave vector connects momenta on the Fermi surfaces of the E k + and E k − bands. The emergence of a resonance peak in the DDW state can be understood by considering the dynamical spin susceptibility within the random phase approximation ͑RPA͒. Within this approximation, 32 the susceptibility ͑per spin degree of freedom͒ is given by
where U is the fermionic four-point vertex. We first consider q = Q and note that in the superconducting state, the discontinuous jump in Im 0 leads to logarithmic singularity in Re 0 . As a result, the resonance conditions, U Re 0 ͑Q , = res ͒ = 1 and Im 0 ͑Q , = res ͒ = 0, can be fulfilled simultaneously below the particle-hole continuum for an arbitrarily small value of U Ͼ 0, leading to the emergence of a resonance peak as a spin exciton. In contrast, in the DDW state, Im 0 exhibits a square-root like frequency dependence above ⍀ cr DDW , leading to an increase of Re 0 at the critical frequency, but not to a singularity in Re 0 . Specifically, we find
where W = E c − ⍀ cr DDW , E c is the high energy cutoff for the square-root like frequency dependence of Im 0 = ␣ ͱ − ⍀ cr DDW , ⌬ ± = ⍀ cr DDW ± and the ellipsis denote background contributions to Re 0 that are independent of the opening of a new scattering channel. The above form of Re 0 implies that U now has to exceed a critical value, U c , before a resonance peak ͑in the form of a spin exciton͒ can emerge in the DDW state. We note, however, that the values of U typically taken to describe the emergence of a resonance peak in the DSC state of optimally doped cuprate superconductors exceed U c , such that a resonance peak also emerges in the DDW state. In other words, for U Ͼ U c , the resonance conditions U Re 0 ͑Q , = res ͒ = 1 and Im 0 ͑Q , = res ͒ = 0 are satisfied in the DDW state at a frequency res Ͻ⍀ cr DDW . As a result, a resonance peak emerges in the RPA spin susceptibility around Q = ͑ , ͒, as shown in Fig. 5 ͑the value of U is chosen such that as in the DSC state, res = 41 meV͒. Away from Q, the mode becomes rapidly damped due to the opening of a scattering channel for intra- band transitions, as discussed above. In addition, the lowest critical frequency for interband transitions rapidly decreases to zero. As a result, the resonance peak in the DDW state is confined to the immediate vicinity of Q = ͑ , ͒, and shows no significant dispersion. Note, that the upward and downward structures in Im RPA visible in Fig. 5 do not represent real poles in the susceptibility but arise from the frequency structure of Im 0 away from ͑ , ͒. This momentum dependence of the "spin exciton" in the DDW state stands in stark contrast to the dispersion of the resonance peak in the DSC state 22 ͑see Fig. 9͒ . Based on the above discussion on the relevance of the Fermi-functions for the frequency dependence of Im 0 for Ͼ⍀ cr DDW , one might expect that the frequency of the resonance peak in the DDW state is more sensitive to temperature broadening of the Fermi functions than its frequency in the superconducting state. However, since the resonance energy is located well below ⍀ cr DDW , we find that it varies only very weakly with increasing temperature. For example, increasing temperature from T = 10-200 K ͑assuming no temperature dependence of W 0 ͒ only leads to a small downward shift of 2 meV in the frequency of the resonance peak.
Finally, the above results show that the frequency of the resonance peak in the DDW state is determined by an interplay between the interaction strength, U, and DDW gap, W 0 . Hence, any prediction concerning the doping dependence of the resonance peak in the underdoped cuprates would require the calculation of the doping dependence of U and W 0 , which is beyond the scope of the current study.
III. COEXISTING DDW AND DSC PHASES
We next consider a state with coexisting DDW and DSC order whose mean-field Hamiltonian is given by
where
The energy bands arising from diagonalizing the Hamiltonian in Eq. ͑10͒ are given by
with E k ± being the energy bands of the pure DDW state given above. The bare susceptibility, 0 in the coexisting phase can again be calculated using Eq. ͑5͒ with the only difference that the Green's function Ĝ ͑k , i n ͒ is now a ͑4 ϫ 4͒ matrix. The full expression for 0 in the coexistence phase is somewhat lengthy and, therefore, given in the Appendix.
In Fig. 6 we present Im 0 as a function of frequency for several momenta q = ͑ , ͒ along the diagonal of the magnetic BZ. At Q = ͑ , ͒ ͑ = 1.0͒, Im 0 exhibits a single discontinuous jump at the critical frequency, ⍀ cr coex = 97 meV. The magnetic scattering associated with the opening of this scattering channel connects the "hot spots" in the fermionic BZ, i.e., those momenta k and k + Q for which k = k+Q =0. Correspondingly, the critical frequency is given by ⍀ cr coex =2ͱ⌬ 2 ͑k hs ͒ + W 2 ͑k hs ͒ where k hs is the momentum of the hot spots. In contrast, away from Q = ͑ , ͒, we find that Im 0 exhibits 5 discontinuous jumps at critical frequencies, ⍀ cr ͑i͒ with i = 1 , . . . , 5 indicating the opening of new scattering channels ͑for = 0.95 these five discontinuous jumps are labeled in Fig. 6͒ . Note that in the coexistence phase, the opening of a new scattering channel is accompanied by a discontinuous jump, similar to the pure DSC state, but in contrast to the DDW state, as discussed above. The momentum dependence of these critical frequencies is shown in Fig. 7͑a͒ . At ⍀ cr ͑1͒ ͓⍀ cr ͑2͒ ͔, a scattering channel for intraband scattering within the ⍀ k + ͑⍀ k − ͒ band opens, and Im 0 acquires a nonzero contribution from ͑2͒ ͑ ͑5͒ ͒ given in Eq. ͑A3͒ ͓Eq. ͑A6͔͒ of the Appendix. As follows directly from Eqs. ͑A3͒ and ͑A6͒, the coherence factors associated with these two scattering processes vanish identically at Q = ͑ , ͒, and hence, no value for ⍀ cr ͑1,2͒ can be defined at this momentum.
However, away from Q = ͑ , ͒, the coherence factors are no longer zero, and two discontinuous jumps appear in Im 0 that are associated with the opening of two new scattering channels at ⍀ cr ͑1,2͒ . Note that the magnitude of the jumps at ⍀ cr ͑1,2͒ increases as one moves away from Q = ͑ , ͒, which is a direct consequence of the increasing coherence factors. Similar to the superconducting state the lowest critical frequency, ⍀ cr ͑1͒ , reaches zero at = 0.8͑ , ͒. In contrast, at ⍀ cr ͑3,4,5͒ new scattering channels for interband scattering between the ⍀ k + and ⍀ k − bands are opened. These three critical frequencies are degenerate at Q = ͑ , ͒, but this degeneracy is lifted for q Q, as follows immediately from Fig. 7͑a͒ . For = 0.98, we present in Fig. 7͑b͒ the scattering momenta that are associated with the opening of the above discussed five scattering channels. For completeness, we also present the Fermi surfaces for the E k ± bands. Note, that the scattering vectors ͑1͒ and ͑2͒ describe intraband scattering within the ⍀ k + and ⍀ k − bands, while the scattering vectors ͑3͒-͑5͒ represent interband scattering. The scattering vectors ͑3͒-͑5͒ are identical to those present in the pure DDW state ͓for comparison, see Fig. 1͑a͔͒ .
In Fig. 8 we present the RPA susceptibility in the coexisting DDW and DSC phase. Similarly to the pure DSC state, the discontinuous jump in Im 0 in the coexistence phase is accompanied by a logarithmic divergence in Re 0 , which in turn gives rise to a resonance peak below the particle-hole continuum for an arbitrary small fermionic interaction. A comparison with the RPA susceptibility in the pure DSC state shown in Fig. 8͑b͒ reveals that the frequency position of the resonances peak varies more quickly with momentum ͓near Q = ͑ , ͔͒ in the coexistence phase than in the pure DSC state. This difference becomes particularly evident when one plots the dispersion of the resonance peak both in the coexistence phase and the pure DSC state, as shown in Fig. 9 . We find that the difference in the dispersion of the resonance peaks is particularly pronounced around Q ͑0.95Շ Շ 1.05͒, with a more cusp-like dispersion in the coexistence phase. This cusp follows the form of the particlehole continuum in the vicinity of Q in the coexistence phase, as is evident from Fig. 7͑a͒ . Thus the dispersion of the resonance peak directly reflects the different momentum dependence of the particle-hole continuum in the vicinity of Q in the coexisting DDW and DSC state and the pure DSC state. However, away from Q, the particle-hole continuum, as well as the dispersion of the resonance peak are quite similar in both phases.
IV. CONCLUSIONS
In conclusion, we have analyzed the momentum and frequency dependence of the dynamical spin susceptibility in the pure DDW state and the phase with coexisting DDW and DSC order. We find that due to the opening of a spin gap in Im 0 in both phases, a resonance peak emerges below the particle-hole continuum. However, in the DDW state, Im 0 exhibits a square-root like increase at the critical frequencies, in contrast to the coexisting DDW and DSC phases ͑or the pure DSC phase͒, where the onset of Im 0 0 is accompanied by a discontinuous jump. As a result, Re 0 in the DDW state does not exhibit a divergence, but simply an enhancement at the critical frequency, and hence, a finite fermionic interaction strength is necessary for the emergence of a resonance peak in the DDW state. This result is qualitatively different from the coexisting DDW and DSC phase and the pure DSC state where a resonance peak emerges for an infinitesimally small interaction strength. We note, however, that for the strength of the fermionic interaction usually taken to describe the resonance peak in the DSC state, a resonance peak also emerges in the DDW state. Moreover, we find that the resonance peak in the DDW state is basically dispersionless and confined to the vicinity of Q = ͑ , ͒ due to the form of the particle-hole continuum in the DDW state. In contrast, the dispersion of the resonance peak in the coexisting DDW and DSC state is similar to that in the pure DSC state, with the exception that in the vicinity of Q, the former exhibits a cusp. These results show that the detailed momentum and frequency dependence of the resonance peak is different in all three phases, the pure DDW, pure DSC and coexisting DDW and DSC phases. Thus, a detailed experimental study of the resonance peak in the underdoped cuprates permits one to identify the nature of the underlying phase in which the resonance peak emerges. We believe, however, that the currently available experimental INS data do not yet allow an unambiguous conclusion with regard to the nature of the phases present in the underdoped cuprate superconductors. 
